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ABSTRACT: Polymer micelles composed of block copolymers with one charged and one neutral block in
aqueous salt free solution are analyzed by scaling and mean-field lattice theory. We study the micellar
structure as a function of the length of the both blocks and the fractional charge of the hydrophilic block.
The diagram of the different regimes of the behavior of the equilibrium micellar sizes is constructed. The
distribution of the counterions in the system is examined using the scaling and the mean-field approaches.
The numerical mean-field results are found to be consistent with three scaling regimes: a quasineutral
at small fractional charge, the “Pincus” regime where the Coulomb interaction in the corona is unscreened
since the counterions are located outside the corona region, and an osmotic regime where the Coulomb
interactions are screened by counterions located in the corona region.

1. Introduction

Recently, intensive attention has been paid to the
studies of micelles of block copolymers formed in dilute
solution in a selective solvent. One of the most interest-
ing cases is connected with aqueous solutions of block
copolymers with one hydrophobic and one charged
water-soluble block. When these polymers self-assemble,
the hydrophobic blocks form the core of the micelle,
while the charged blocks constitute the micellar corona.
Several examples of experimental investigation of such
systems can be found in refs 1-7.

Different theoretical approaches are available to study
these systems. Scaling theory has given fundamental
knowledge of polymer systems.8,9 In the framework of
the scaling approach, polyelectrolyte solutions10,11 and
neutral spherical micelles12 have been analyzed. Sub-
sequently, properties of micelles formed by diblock
copolymers with neutral and charged blocks in solutions
have been investigated.13-17

Mean-field theories constitute another powerful tech-
nique to examine polymer systems. A lattice version of
a mean-field theory was developed by Scheutjens and
Fleer18-20 for the adsorption of homopolymers from a
binary mixture. The application of this theory to micel-
lar systems was done by Leermakers and Scheutjens21,22

for surfactant systems and then applied to polymer
micelles.23,24 This approach was successfully used for the
modeling of poly(ethylene oxide)-poly(propylene oxide)
(PEO-PPO) nonionic systems.25-27 The mean-field lat-
tice theory initially developed for noncharged polymers
was later extended to polyelectrolytes.28,29 Mean-field
lattice theory for the adsorption of weakly charged
polyelectrolytes at planar and oppositely charged sur-
face has been applied during recent years.30-32 It is
therefore tempting to apply this approach for describing
micelles formed by block copolymers with one charged
block.

In the present paper we will give a more extended
scaling description of charged polymer micelles. Through-

out, we will discriminate between regimes where the
counterions are predominantly either within or outside
the brush formed by the charged blocks. In particular,
we have identified a so-called “Pincus” regime and
moreover improved the description of the osmotic regime
previously described.16 In addition, we will compare
predictions of the scaling approach with results from
the mean-field lattice theory. Both methods have their
advantages and disadvantages. The scaling method
allows a full determination of regimes with different
behavior. However, it is only possible to determine
power law dependencies of the main characteristics of
the micellar structure. On the other hand, the mean-
field lattice method gives numerical predictions of the
system behavior at given set of parameters, including
the crossover regimes, but it is not so easy to obtain the
full picture of possible regimes. Therefore, the combina-
tions of these two methods gives a much more detailed
understanding of the main physical effects of the system
under consideration, as previously was demonstrated
for polyelectrolyte brushes.34

2. Model

The scaling and mean-field lattice theory will be
applied on, as far as possible, a common model repre-
senting a solution of a diblock copolymer. Block A
consists of NA charged monomers and block B of NB
neutral ones, and the solvent is good for the A block
but poor for the B block. Both blocks are supposed to
be geometrically identical and flexible; characteristic
monomer volume v ∼ a3, where a is the linear size of a
monomer. We suppose that the polymer chains are
dissolved in polar medium (e.g., in water) with a
uniform dielectric permittivity ε at temperature T and
that each A block gains τNA elementary charges, τ being
the fraction of univalently charged monomers. In both
the scaling and mean-field models, we however assign
the fractional charge -τ|e| to each A monomer, where
|e| is the charge of an electron and where τ now will be
referred to as the fractional charge of each A monomer.
For simplicity we also suppose that the low-molecular-
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weight ions present in the solution are counterions of
valency z ) 1.

We assume throughout that the polymer concentra-
tion is higher than the critical micelle concentration,
and hence polymer micelles are always present. We
divide the solution into hypothetical, identical, and
spherical cells (subsystems) of radius R. Each cell
contains one micelle formed by m block copolymers and
its accompanying solution. The radius of the micelle is
RM ) RA + RB, where RA is the width of the corona and
RB the radius of the core (see Figure 1). We will also
suppose that the half of the average distance between
the centers of nearest neighboring micelles in the
solution R is larger than the radius of the micelle RM,
so the micelles do not overlap. Below we will focus on
the micellar aggregation number m and the sizes RA
and RB at equilibrium.

3. Scaling Theory
We will present a more extended scaling theory for

an individual micelle made of diblock copolymers with
one charged block dissolved in a extremely selective
solvent without added low molecular weight salt. The
whole region of possible values of the system parameters
is examined, and the distribution of counterions in the
system is investigated thoroughly. As commonly prac-
ticed, we will omit numerical coefficients in most of the
formulas below.

3.1. Basic Assumptions. Since we assume the
solvent to be extremely poor for the B blocks, we regard
the B blocks as collapsed and that there is practically
no solvent inside the micellar core. Therefore, the
volume fraction of the B monomers in the collapsed state
is essentially unity and, thus

The soluble A blocks may by considered as end-grafted
chains with grafting density

where eq 1 has been used. Moreover, we will consider
only the case of weakly charged A blocks so that the

fractional charge of the A monomers is limited by the
condition τ , 1.

To find the structural characteristics of a micelle at
equilibrium one should minimize the free energy of one
cell counted per chain with respect to m. In the follow-
ing, the free energy and the results for different regimes
are presented.

3.2. Free Energy. The free energy of one cell can be
written as a sum of three contributions (cf. ref 12)

where kB is the Boltzmann constant. The first term in
eq 3 is the free energy of the core made of B blocks:

In the scaling language this term is the stretching
energy of the B blocks from the Gaussian size NB

1/2a to
the size RB. The second term in eq 3 is the surface free
energy

where γ ≡ κ/kBT with κ being the interfacial tension
between completely collapsed B blocks and the solvent
(or solution of A monomers). The third term in eq 3 is
the free energy of the corona including the contribution
from the counterions. We will use known scaling results
from the theory of polymer brushes37-41 to derive Fcorona.
Depending on the relative block length, three main cases
of the corona geometry will be considered: individual
grafted polyions, planar brush, and spherical brush.

3.3. Individual Grafted Polyions. If the A blocks
are short in comparison with the B blocks and the
grafting density 1/σ is sufficiently low, the individual A
blocks of the corona do not interfere with each other and
they can be thought as individual chains sewed to a
planar surface, and we have the so-called mushroom
structure (see refs 12 and 16).

In the case of neutral A blocks, the thickness of the
corona is equal to the size of an individual polymeric
coil in good solvent according to

If a A block is charged, two dominating forces affect
its extension: a Coulomb force which tends to stretch
it and a elastic force opposing the stretching. In a salt-
free and sufficiently diluted solution, the block loses its
counterions and the charged groups on the chain
interact via an unscreened Coulomb repulsive force (cf.
ref 35)

where Q ) NAτe is the total charge of a A block and lB
) e2/εkBT the Bjerrum length. The elastic force is related
to conformational entropy losses in the stretched chain

Figure 1. Schematic representation of one cell containing one
block copolymer micelle. R is the radius of the cell, RA the
width of the corona formed by the charged monomers, and RB
the radius of the neutral core formed by neutral monomers.
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(cf. refs 42 and 35 for the case of good solvent):

When these forces balance each other, the thickness of
the corona is given by

where u ≡ a/lB.
The conformation of a charged grafted macromolecule

which is affected by Coulomb interactions may be
thought as a sequence of “stretching” electrostatic
blobs.8 The size of the blob in good solvent is35

3.4. Planar Brush. If the A blocks still are short in
comparison with the B blocks, but the grafting density
1/σ is higher, the A blocks are sewed to a surface which
can be regarded as flat and we have the case of a planar
brush.

Below we will repeat the general results of ref 12 for
the micelles with neutral A blocks to guide the reader
successively through the theoretical consideration. In
the Alexander-de Gennes brush model language,43 the
concentration of monomers within the brush is constant.
The free energy of the outer layer of the corona is then
of the order of the number of “concentration” blobs in a
grafted chain in kBT units.8 The blob size êconc ∼ g3/5a,
where g is the number of monomers within the blob,
the width of the brush RA, and the free energy of the
outer layer of the micelle per chain for this case are
given by (cf. refs 12 and 37)

where

In the case of individual grafted coils (see previous
section), g ) NA, and hence

Regarding charged A blocks, the contribution to the
free energy from the electrostatic interactions is more
diverse as compared to individual grafted chains, e.g.,
the planar polyelectrolyte layer can hold the counterions
near it. Following ref 35, let us introduce the charac-
teristic thickness of the counterion cloud (cf. ref 44):

We notice that the counterions cloud thickness λ in-
creases with decreasing fractional charge τ of the A
monomers.

If λ , RA, most of the counterions are located inside
the corona compensating the charge of the layer. The
resulting stretched force arising from the electrostatic
interactions dominates by the osmotic pressure of the
counterions inside the corona (referred to as the osmotic
regime):35

The equilibrium thickness of the corona can be deter-
mined from the balance of the elastic force and the
electrostatic force. With the use of eqs 8 and 17, we get

The free energy of the corona can be written as

where eqs 13 and 17 have been employed. In the osmotic
regime, each grafted A block may be regarded as a
sequence of stretched electrostatic blobs of size

When λ . RA, most of the counterions are outside the
micellar corona, and an electrical double layer is formed
outside the core (referred to as the Pincus regime). The
mean electrostatic force per A block acting in the
direction perpendicular to the core surface is propor-
tional to surface charge density:35

The width of the corona RA is determined from the
balance of chain elasticity and this stretching electro-
static force. With the use of eqs 8 and 21, we have

The free energy of the corona per chain in this regime
depends on an aggregation number according to the
power law

where eqs 13 and 21 have been used. The size of
stretching electrostatic blob in this case is given by
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Let us now consider the regimes where the electro-
static interactions are unimportant. With decreasing
fractional charge of the A monomers, the volume
intermolecular interactions begin to dominate. In the
framework of the blob picture, the crossover between a
“quasineutral” regime and the regime where electro-
static interactions are important is reached when the
size of the concentration blob given by eq 11 becomes
equal to the size of the electrostatic blob given by eq 20
or eq 24. In the “quasineutral” regime the structure of
the corona is the same as for the case of neutral micelles
(see ref 12).

3.5. Spherical Brush. When the corona size RA
becomes larger than the radius of the core RB, the
curvature of the corona becomes apparent. We refer this
to a spherically curved brush.

For neutral A blocks, the size of the blob increases
with radial coordinate r in accordance with the simplest
geometric picture (see refs 12 and 37):

The extension of the corona and the free energy becomes

where Ω was given by eq 14.
In the case of charged A blocks, the contribution from

the electrostatic free energy becomes more elaborated.
We start by applying the cell model as described in
section II and by Figure 1. Moreover, we assume that
there is a distribution of the counterions being inside
and outside the micelle. Therefore, the total electrostatic
free energy of a system “charged spherical micelle plus
counterions” is given by

where the first term is the electrostatic energy of a
charged sphere of radius RM ) RA + RB with QM )
mNAτe and the next two terms denote the mixing
entropy of the counterions located inside and outside
the micelle, respectively, with R denoting the fraction
of the counterions outside the micelle.

To obtain the equilibrium distribution of the counte-
rions, Fel should be minimized with respect to R. This
leads to the following equation:

From eq 29 the following expressions for R can be
obtained:

Here Φmic ≡ RM
3/R3 is a volume fraction of the micelles

in the solution. A physical interpretation of the param-
eter z is the electrostatic interaction energy between the
charged micelle and a counterion located on the
perephery of the corona (specifically at the distance RM
from the center of the micelle) divided by the thermal
energy. If z . 1, the electrostatic interactions dominate
and the counterions are associated the micelle, whereas
in the opposite case, z , 1, the thermal energy prevails
over the electrostatic one and the counterions are spread
in the solution.

The limiting cases of eq 30 correspond to the situation
where counterions are mainly present either inside the
micelle or outside it. At fixed z, the crossover between
these regimes is determined by the micelle volume
fraction in the solution. At Φmic > e-z most counterions
are within the spherical corona (see Figure 2a), whereas
if Φmic < e-z most of the counterions are outside the
micelle (see Figure 2b). Hence, there are two different
concentration ranges of the micellar solution. The
electrostatic contribution to the free energy of the cell
per chain in each of these cases is given by the
expressions (only main dependences on m are taken into
account):

The case Φmic > e-z will be referred to as the osmotic
regime of spherical brushes (cf. refs 36 and 41). The
electrostatic force is the same as in the osmotic regime
of planar brush and the equilibrium thickness of the
corona is given also by eq 18. The free energy of the
corona in the osmotic regime of spherical brushes can
be obtained from eq 27 and the first line of eq 32:

If Φmic < e-z, the charged A monomers within the
brush interact through the unscreened Coulomb poten-
tial. The equilibrium width of the corona is determined
from the balance of elastic force given by eq 8 and the
electrostatic force applied to each chain given by fCol/
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Figure 2. Illustration of two concentration ranges of the
micellar solution: (a) Φmic > e-z (see text for definition of Φmic
and z) where the counterions are inside the corona of the
micelle and (b) Φmic < e-z where the counterions are outside
the corona and in the intermicellar solution.
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kBT ∼ NA
2τ2mlB/RA

2, and the width becomes

The corona free energy is given by the sum of eq 27
and the second line of eq 32:

As one can see from eqs 33 and 35, the free energy
contribution due to osmotic pressure of the counterions
plays role for both concentration regimes of the micellar
solution. This means that even at Φmic < e-z, i.e., when
most of the counterions are in surrounding solution, the
spherical osmotic brush regime appears at some condi-
tions.

3.6. Diagram of States. We will now construct
diagrams of possible micellar structure and scaling
regimes as a function of NA and τ. Two different
diagrams will be presented corresponding to the two
conditions given in eq 32.

From eq 3 and Fcorona ) Fconc + Fel, we can express
the free energy of a cell according to

Here the first two terms are given by eqs 4 and 5,
respectively. From eqs 13, 15, and 27 we conclude that
Fconc can be generally written as follows:

The last term in eq 36 is the electrostatic free energy.
If Φmic > e-z, the counterions are within the corona of
the micelle (see Figure 2a). The electrostatic contribu-
tion to the free energy in this case is equal to a
minimum of two contributions:

If the solution of the micelles is very diluted, i.e., Φmic
< e-z, most of the counterions are in the intermicellar
region (see Figure 2b). In this case the electrostatic free

energy of the micelle per chain could be written as

Expressions for m, RA, and RB at equilibrium can now
be determined by a minimization of the free energy
given by eq 36 with respect to m. Usually, the term Fsurf
is in competition with either of the terms Fcore, Fconc, or
Fel.

Table 1 shows the resulting scaling relations for the
aggregation number m, the corona thickness RA, and
the core radius RB of the micelle at equilibrium. To
simplify the formulas, we have put u ) 1 (at ordinary
conditions in water solution: a ∼ 1 mn, kBT ∼ 300 K, ε
∼ 80, and the parameter u approximately equals unity).
The interfacial tension between a collapsed B blocks and
the solvent corresponds to the strong segregation limit.
Under this condition we are not interested in the
dependence of the micellar equilibrium characteristics
on the parameter γa2, so we have omitted this depen-
dence as well.

Figure 3 shows the diagram of different regimes of
the micellar structure depending on the block length NA
and the fractional charge τ (at fixed length of the
insoluble block, NB ) const). Figure 3a corresponds to
the concentration range Φmic > e-z, while the diagram
in Figure 3b is valid for the concentrations Φmic < e-z.
The boundaries between the regimes in diagrams a and
b in Figure 3 are given in Tables 2 and 3, respectively.

In the “quasineutral” regimes I(i), I(p1), I(p2), and I(s)
the charge of the A block is of no importance, and the
scaling relations are the same as for a neutral outer
block (see ref 12).

In more detail, in regime I(i) the grafting density 1/σ
of the A blocks is so small that the coils do not interfere
with each other (RA < σ1/2) and there is only one blob in
each chain g ∼ NA (cf. eqs 11 and 12).

In the regime I(p1) the corona of the micelle consists
of densely packed concentration blobs; however the
corona is still very thin and hence the size of the micelle
is determined by the terms Fsurf and Fcore. The crossover
between regions I(i) and I(p1) takes place at the point
σ1/2 ∼ NA

3/5a or NA ∼ NB
5/18.

Regime I(p2) is also a regime of planar geometry for
the A block, but as the length of the outer block is larger
than for regime I(p1), the micellar structure is now

Table 1. Scaling Relations for Aggregation Number m, Corona Thickness RA, and Core Radius RB of Micelles Formed by
Charged Diblock Copolymers

regime labela m RA/a RB/a

Φmic > e-z

individual quasineutral chains I(i) NB NA
3/5 NB

2/3

planar quasineutral brush(1) I(p1) NB NA/NB
1/9 NB

2/3

planar quasineutral brush(2) I(p2) NB
2/NA

18/11 NA
9/11 NB/NA

6/11

sperical quasineutral brush I(s) NB
4/5 NA

3/5 NB
4/25 NB

3/5

individual Pincus chains II(i) NB NAτ4/7 NB
2/3

planar Pincus brush(1) II(p1) NB NA
7/3τ4/3/NB

2/9 NB
2/3

planar osmotic brush(1) III(p1) NB NAτ2/5 NB
2/3

planar osmotic brush(2) III(p2) NB
2/NA

3τ3 NAτ2/5 NB/NAτ
spherical osmotic brush III(s) NB

2/NA
3τ3 NAτ2/5 NB/NAτ

Φmic < e-z

planar Pincus brush(2) II(p2) NB
2/NA

39/8τ15/4 NA
5/4τ1/2 NB/NA

13/8τ5/4

spherical Pincus brush II(s) NB
7/11/NA

21/22τ15/11 NA
8/11 NB

2/11τ2/11 NB
18/33/NA

7/22τ5/11

a Notation key: I, II, and III denote a regime with insignificant electrostatic interactions, a Pincus regime, and an osmotic regime,
respectively; i, p, and s denote individually grafted polyions, planar brush, and spherical brush, respectively. Any figures appearing
discriminate regimes of the same type but with different scaling properties.
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determined by a competition of Fsurf and Fconc. In this
regime at fixed length of neutral block NB, the aggrega-
tion number m and the core size RB decrease with
increasing block length NA, whereas the corona width
RA increases (see Table 1). The equation Fcore ) Fconc
gives the crossover between the regimes I(p1) and I(p2)
at NA ∼ NB

11/18.

Finally, the thickness of the corona becomes of the
order of radius of the core, and we enter regime I(s),
where the curvature of the core surface becomes appar-
ent. As Fconc specified by eq 27 depends only logarithmi-
cally on NA, the power dependence of m and RB on NA
disappears. From eqs 12 and 26, it follows that the
crossover between the planar brush and the spherical
brush regimes takes place at NA ∼ NB

11/15 (or Ω ∼ 1).
Let us now describe the regimes in which the charge

of the outer block is essential. Two sets of different
regimes are possible depending on volume fraction of
the micelles in the solution. Let us first describe the case
when Φmic > e-z (see Figure 2a). If the charged block is
very short, so that individual grafted coils are not
penetrating, the charging of the outer block leads to a
stretching of each charged block in the direction per-
pendicular to the core surface. In this regime, II(i), the
outer layer of the micelle is free of counterions and
thickness of the corona is equal to length of an indi-
vidual polyion in infinitely diluted salt free solution (see
eq 9).

With increasing block length NA, a layer of grafted
charged chains is formed, but the total charge of this
layer is not sufficient to hold the counterion inside it.
This regime II(p1) corresponds to the case of planar
Pincus brush. The equilibrium properties of the micelle
in this regime is determined by competition between
Fsurf and Fcore.

When the fractional charge τ or the length NA of the
outer block increases, we enter regime III. In this regime
the condition λ , RA (see eq 16) is valid, so most of the
counterions are inside the corona region, and we have
the case of planar osmotic brush. In the regime III(p1),
the characteristic parameters of the micelle are still
determined by Fsurf and Fcore, but in the regime III(p2)
the contribution to the free energy from the osmotic
pressure of the counterions starts to dominate over the
free energy of the core. The micellar aggregation number
depends on the fractional charge of the A block in this
regime (see Table 1). Finally, at even larger τ and/or
NA, the thickness of the corona RA becomes larger than

Figure 3. Diagrams displaying regimes of different micellar
structure and simple illustrations of the micellar structure and
the location of the counterions (dots) for (a) Φmic > e-z and (b)
Φmic < e-z (see text and Figure 2). The equilibrium character-
istics of the micelles and the key to the labeling are given in
Table 1. The crossover boundaries between the regimes are
presented in Tables 2 and 3.

Table 2. Boundaries of the Regimes in the Diagram of
Figure 3a

I(i)/I(p1) NA ∼ NB
5/18

I(p1)/I(p2) NA ∼ NB
11/18

I(p2)/I(s) NA ∼ NB
11/15

I(i)/II(i) NA ∼ τ-10/7

I(p1)/II(p1) NA ∼ NB
1/12τ-1

I(p1)/III(p1) τ ∼ NB
-5/18

I(p2)/III(p2) NA ∼ τ-11/5

I(s)/III(s) NA ∼ NB
2/5τ-1

II(i)/II(p1) NA ∼ NB
1/6τ-4/7

II(p1)/III(p1) NA ∼ NB
1/6τ-7/10

III(p1)/III(p2) NA ∼ NB
1/3τ-1

III(p2)/III(s) NA ∼ NB
1/2τ-7/10

Table 3. Boundaries of the Regimes in the Diagram of
Figure 3b

I(i)/I(p1) NA ∼ NB
5/18

I(p1)/I(p2) NA ∼ NB
11/18

I(p2)/I(s) NA ∼ NB
11/15

I(i)/II(i) NA ∼ τ-10/7

I(p1)/II(p1) NA ∼ NB
1/12τ-1

I(p2)/II(p2) NA ∼ τ-22/19

I(s)/II(s) NA ∼ NB
-6/35τ-10/7

I(s)/III(s) NA ∼ NB
2/5τ-1

II(i)/II(p1) NA ∼ NB
1/6τ-4/7

II(p1)/II(p2) NA ∼ NB
8/39τ-10/13

II(p2)/II(s) NA ∼ NB
8/23τ-14/23

II(s)/III(s) NA ∼ NB
2/3τ-4/5
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the radius of the core RB and we enter the spherical
osmotic brush regime (regime III(s)). It should also be
mentioned that the appearance of the different regions
depends on the tendency of the self-association of the
block copolymers. The critical micellization concentra-
tion (cmc) increases with increasing τ and NA, but we
assume that we are always above the cmc. The location
of the cmc will be considered explicitly in our next
publication.46

When Φmic < e-z, the spherical layer of the micelle is
mostly free from counterions and only if the charged A
blocks are very long the counterions are located in the
corona. For this concentration region two new regimes
appear (see Figure 3b). The regime II(p2) is the regime
of planar Pincus brush. The equilibrium characteristics
of the micelle are determined from the competition of
Fsurf and Fel given by the second term in the brackets of
eq 39. With increasing of the length of charged block,
the thickness of the corona becomes larger than the
radius of the core and we have the Pincus brush of
spherical curvature (regime II(s)). Note that there are
no the regimes of planar osmotic brush III(p1) and
III(p2) for this concentration range.

4. Mean-Field Lattice Theory
4.1. Method and Parameters. The same physical

model will now be examined by employing the mean-
field lattice theory. Central to the lattice theory used
here is the division of the cell into concentric shells, and
the division of each shell into lattice space of equal
size.25 The Bragg-Williams approximation of random
mixing is applied within each layer separately, and
hence all the lattice sites in a shell are equivalent. One
lattice cell contains either one polymer segment, a
solvent molecule, or a counterion. The model contains
four different species: neutral polymer segments, charged
polymer segments, counterions, and solvent.

The model involves two different types of interac-
tions: electrostatic (charge-charge) and nonelectro-
static (the rest). The nonelectrostatic interaction be-
tween species in adjacent lattice sites is described by
Flory-Huggins ø parameters. In line with random-
mixing approximation, the charged species (charged
polymer segments and counterions) interact with an
electrostatic potential of mean force ψi, which depends
only on layer number i. The potential of mean force is
related to the charge density through Poisson’s equation

where ε is the dielectric permittivity of the medium and
Fi is the volume charge density in layer i. In our
calculations, we use an assumption of uniform dielectric
permittivity. For details concerning the numerical
procedure, we refer the reader to previous publica-
tions.31-33

The scaling results showed that the aggregation
number m and the core radius RB are independent of
NA and τ in regimes I(i), I(p1), II(i), II(p1), and III(p1);
see Table 1. These regimes correspond to the situation
where the radius of the micellar core is larger than the
thickness of the corona (so-called “crew-cut” micelles).
On the basis of this observation, a more simplified
approach can be employed to examine the properties of
the brush region in these regimes. In this approach, an
inner hard surface, representing the core surface, was
introduced in the lattice model on which charged chains

were grafted with a given surface density. In the present
report, we will only consider the case of fixed aggrega-
tion number and core radius and hence the more
simplified model will be utilized, whereas the other
cases with variable aggregation number and core radii
will be considered in a separate publication.46 Since the
geometry of the micellar corona is quasiplanar, one
cannot expect the transition from planar to spherical
Pincus brush, and hence the results of numerical mean-
field calculations will refer to the scaling diagram
presented in Figure 3a.

For simplicity, all interaction parameters between
different species and between species and surface are
supposed to be zero. The temperature, dielectric con-
stant, and lattice spacing used are collected in Table 4.
In the calculations, we are specifically interested in the
dependence of the thickness of the corona RA on the
length NA of the A block and the fractional charge τ of
the A block. In addition, we will also consider the
distribution of the counterions in the system.

4.2. Spherical Charged Brush. In this section we
present results obtained for the case of grafted charged
chains. The radius of the curved grafting surface is
chosen to be equal to 625 lattice layers and the grafting
density 1/σ ) 0.003185. In comparison with experimen-
tal systems, the core radius is large, but it was never-
theless selected to be able to probe a large NA range
and still remain in a quasiplanar regime.

One of the major results of the our simplified lattice
model solved by the mean-field theory is the distribution
of the charged segments of the outer block and the
counterions outside the micellar core. Figure 4 shows
the volume fraction of the charged segments and the
counterions as a function of the layer number for the
fractional charge τ ) 0.6 at two chain lengths of the
charged block. The numeration of the layers starts from
the layer adjacent to the surface. In Figure 4a, we have
NA ) 150 and nearly all the counterions are located in
the brush. However, in the case of NA ) 10, Figure 4b
shows that the majority of the counterions have escaped
the brush region, since the counterion profile extends
much further away from the core surface as compared
to the profile of the charged segments.

In Figure 5 we present the brush thickness RA as a
function of the length of the charged block NA at the
fractional charge τ ) 0.2, 0.6, and 1.0. We define the
brush thickness as a layer number which encompasses
90% of the total amount of the polymer segments. First,
we notice that the brush thickness increases with NA

as expected. However, this increasing is dependent on
τ. At sufficiently high τ, we observe a single power law
dependence of RA on NA over the whole investigated NA

range. At the lower τ, two types of dependencies are
found. In particular, at low NA, the dependence of RA

on NA becomes weaker. Specifically, numerical fits gave
the following relations:

Table 4. Parameters of the Model

quantity value

temperature T ) 298 K
dielectric permittivity ε ) 80
lattice spacing d ) 7 Å

ε∇2ψi ) -4πFi (40)
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Hence, if the fractional charge is high enough (τ )
1.0 or 0.6), the thickness increases with NA according
to the power law RA ∼ NA. At low fractional charge (τ )
0.2) and for long A blocks the dependence on NA is also
linear, whereas if the chains are shorter the dependence
becomes weaker.

Returning to the scaling analysis, we concluded that
if the fractional charge is large enough, the scaling
regimes I(i), II(i), II(p1), and III(p1) are expected to
appear with increasing NA (see Figure 3a). In two of
them, II(i) (individual grafted polyions) and III(p1)

(planar osmotic brush), we have the RA ∼ NA which
indeed is the scaling relation found in Figure 5 at τ )
1.0 and 0.6. Hence, we conclude that the mean-field
lattice results are consistent with regimes II(i) and III-
(p1). We also notice that the dependence corresponding
to the regime II(p1) (the regime of planar Pincus brush)
is not observed in the mean-field results. A possible
reason is that this regime is too narrow to be detected.

At the lower fractional charge τ ) 0.2, we observed
the weaker dependency NA

0.62, which is consistent with
that of regime I(i) (individual neutral coils). The change
in power law dependence from NA

0.62 to NA at increasing
τ for a given NA would well correspond to a crossover
from regime I(i) to II(i), whereas the change from NA

0.62

to NA at increasing NA at fixed τ would correspond to a
crossover from regime I(i) to I(p1), II(i), or III(p1). At
the present state, we cannot discriminate among the
regimes I(p1), II(i), and III(p1). Again, the regime II-
(p1) absence could due to its narrow extension.

We have also analyzed the dependence of brush
thickness on fractional charge τ of the A monomers at
different chain length NA. Figure 6 shows that at
sufficiently low τ, RA is independent of τ, whereas at
larger τ, RA increases with τ according to

Hence, at low τ (e.g., τ < 0.07 at NA ) 50), we observe
the existence of a “quasineutral” regime (regimes I(i),
I(p1), and/or I(p2)), whereas at high τ our data are
consistent with regime III(p1). The mean-field data
show that the cross over between the “quasineutral” and
the “electrostatic” regimes shifts to larger τ at decreas-
ing NA.

We will now return to the location of the counterions.
The scaling approach suggested that there exists re-
gimes where the counterions are predominantly located
inside (the osmotic regime) or outside (the Pincus
regime) of the charged brush. In the lattice model, this
transition is of course gradual. This is demonstrated in
Figure 7, which shows the fraction of counterions located
outside the brush region (referred to as free counteri-
ons), Qfree/QM, as a function of either the length of the

Figure 4. Volume fraction profiles of charged polymer seg-
ments and counterions vs the layer number at the fractional
charge τ ) 0.6 and length of the charged block (a) NA ) 150 or
(b) NA ) 10. Note, the different abscissa scales.

Figure 5. Brush thickness RA vs the length NA of the charged
A block at indicated fractional charge τ shown in double
logarithmic scale.

τ ) 1.0: RA ) 0.61NA
1.02

τ ) 0.6: RA ) 0.52NA
1.02

τ ) 0.2: RA ) {1.04NA
0.62 for large NA,

0.27NA
1.07 for small NA

(41)

Figure 6. Brush thickness RA vs the fractional charge τ of
the A block at indicated length NA of the charged A block
shown in double logarithmic scale.

NA ) 100: RA ) 71.2τ0.42

NA ) 50: RA ) 34.5τ0.42

NA ) 20: RA ) 13.1τ0.40 (42)
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charged block NA or the fractional charge τ of the
charged segments. Here Qfree denotes the charge of the
counterions outside the brush where the brush thick-
ness is defined as above and QM ) mNAτe with m being
the number of charged chains.

Figure 7 displays the dependencies of Qfree/QM on the
length NA of the A block at different degree of fractional
charge τ (Figure 7a) and on τ at different NA (Figure
7b). Figure 7a shows that the fraction of free counterions
decreases with increasing length of the A block at
constant τ, whereas Figure 7b shows that the fraction
of free counterions decreases at increasing fractional
charge τ at fixed NA. In other words, the grafted chains
“hold” the counterions inside them if its charge is large
enough, either by sufficient length or charge density.

To proceed with a comparison with the scaling theory,
we define Qfree/QM ) 0.5 as the crossover point between
regimes of free and bound counterions. The crossover
points obtained from the mean-field results given in
Figure 7, are displayed in Figure 8 in terms of a
crossover line in the (τ, NA) space. The line in Figure 8
is described by the power dependence NA ) 9.1τ-0.72,
which is consistent with the boundary between the
scaling regimes II(p1) and III(p1) (see Table 2). The
regime II(p1) is the Pincus brush regime, in which the
brush is charged due to escaping of all counterions from
the brush region, whereas III(p1) is the osmotic brush
regime in which the charge of the brush is neutralized
by the counterions which are located inside it. Hence,
in this analysis we found a Pincus brush regime.

5. Discussion and Conclusions
In this paper we analyze the structure of micelles

formed by charged block copolymers by using analytical

scaling method and a numerical mean-field lattice
model. We have constructed an extensive diagram of
different regimes of the behavior of the system and
presented analytical scaling relations for the micellar
aggregation number, the radius of the core, and the
thickness of the corona. The distribution of the coun-
terions in the system was examined in the framework
of a two-phase approximation. There are two types of
diagrams according to our predictions. One corresponds
to the situation when most of the counterions are inside
the corona region compensating the charge of the micelle
and another where only a small amount of the counte-
rions are inside the corona.

The micellization in the solution of diblock copolymers
with one charged block was previously considered
theoretically.13-16 Marko and Rabin13 discussed the
micelle formation in a solvent for two limiting cases:
weakly charged corona blocks (fractional charge τ , 1)
and strongly charged corona blocks (τ ) 1). In a weak-
charge limit, which corresponds to the case considered
in the present paper, the location of the counterions
inside the corona region was ignored a priory. The
authors considered the case of spherical geometry of the
corona and took into account Colomb repulsion of
completely unscreened polyelectrolyte chains inside the
corona. This regime corresponds to the Pincus spherical
brush regime in our diagram. It appears if the concen-
tration of the micelles in the solution is very low and
practically is not realized in experiment. The equilib-
rium aggregation number and the thickness of the
corona were calculated using simple scaling relations
in assumption of Gaussian elasticity of the corona
blocks. The same result was obtained by authors of ref
14.

Dan and Tirrel15 applied a scaling model to describe
a micellization of charged-neutral diblock copolymers
in dilute salt solution. They considered strongly charged
blocks assuming moderately high salt concentration.
The equilibrium aggregation number and the radius of
the core were found to be charge and salt independent,
whereas the corona thickness decreases with salt con-
centration.

In our previous work,16 the structure of polyelectrolyte
micelle was considered in the framework of a scaling
theory. We constructed the diagram of different scaling
regimes assuming that counterions are inside the
spherical corona. However, changing corona geometry
from spherical to planar can lead to the situation when

Figure 7. Fraction of free counterions Qfree/QM (see text) vs
(a) the length NA of charged A block and (b) the fractional
charge τ of the A block.

Figure 8. Crossover line which separates the two regimes of
the counterions location in double logarithmic scale. Above the
line, Qfree/QM < 0.5.
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counterions escape from the corona region. This case
corresponds to the planar Pincus regime characterized
by unscreened Colomb interactions of polymer segments
inside the corona. This regime was not considered in
ref 16.

The lattice modeling was here restricted to the cases
of micelles with fixed aggregation number and core size.
Because of the relation between the radius of grafting
surface and the length of grafted chains the geometry
of the corona layer was quasiplanar. This selection
allowed us to obtain the dependencies of the corona
thickness as a function of the length of charged chain
and the fractional charge in some region of the scaling
diagrams. The numerical results were in excellent
agreement with the scaling relations for the quasineu-
tral and the osmotic regimes. Moreover, the analysis of
the distribution of the counterions gave us the condition
for boundary between osmotic brush and Pincus brush
regime. The scaling exponent of this crossover was fully
recovered from the mean-field lattice modeling results.

Nevertheless, the Pincus brush regime was not de-
tected in the scaling analysis of the corona thickness.
A likely reason for this fact is that the range of the
parameters in which this regime can be detected is too
narrow in comparison with the ranges corresponding
other neighboring regimes, so that the crossovers be-
tween these regimes cover the width of the Picus regime.
We expect that due to the same reason this regime will
be difficult to detect experimentally.

The obtained results show that the most important
regimes for the structure of the charged corona of “crew-
cut” micelle are the quasineutral regime at low frac-
tional charge and the osmotic regime, which is charac-
terized by the screening of the Coulomb repulsion by
counterions inside the corona region, at higher fractional
charge.

Unfortunately, there are still no systematic experi-
mental investigations of the system considered in this
paper. Some measurements confirm the general tenden-
cies predicted by scaling.4 Increasing of the insoluble
block length and decreasing of the polyelectrolyte block
length promote the micelle formation, whereas, the
charge of the corona blocks is an unfavorable factor for
the micellization. In other papers, solutions with mod-
erately high salt concentration were considered,5,6 since
no micelles were observed in salt free solution. It should
mentioned that if the solvent is extremely poor for the
blocks forming the core, the micelles are frozen, espe-
cially if the glass transition temperature of the core is
above the experimental temperature. Therefore, in this
case the system is not in equilibrium impeding a direct
comparison of experimental data with theory.
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